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The angular dependences of the spontaneous emission by hot
electrons in multivalley semiconductors are studied theoretically
and experimentally using n-Ge as an example. We demonstrate
that the change in the scattering mechanism caused by the
growth of electron temperature can affect the angular scattering
dependence. In the case when the heating field is applied along the
symmetry axis of the crystal [for n-Ge it is the axis (1,0,0,)], the
angular dependence of the emission was observed experimentally
for the first time, and the corresponding theory is proposed.
When electrons have identical concentration and temperature in
every valley, the angular dependence of emission is shown to be
related to the violation of symmetry of the energy distribution
of electrons (from the theoretical viewpoint, this effect means
going beyond the scope of the traditional diffusion approximation).
1. Introduction
Free charge carriers in semiconductors can both absorb
and emit light. The absorption prevails when a semi-
conductor is irradiated with an external electromagnetic
flux. The light emission dominates when the semicon-
ductor contains hot carriers and there is no external irra-
diation. In the thermodynamic equilibrium, the energy
absorbed by the carriers in a unit time is equal to the
energy emitted by them. These processes are well stud-
ied, and their main regularities are described in available
monographies. Nevertheless, in the multivalley semicon-
ductors of n-Ge and n-Si types, the absorption and emis-
sion by free electrons have some specific features which
have not been ultimately clarified yet. These features
are due to strong anisotropy of the electron energy dis-
persion law, filling of several equivalent minima (valleys)
in the conduction band, and scattering anisotropy. The
character of scattering governs the mechanisms of light
absorption and emission because a “third” body (besides
an electron and a photon) is required for the energy and
momentum conservation laws to be simultaneously valid
in these processes. The role of such a third body can be
played by phonons, impurities, or defects.
The peculiarities of light absorption and emission by
electrons in multivalley semiconductors were examined
earlier in our works [1, 2]. The role of anisotropic scat-
tering of electrons by acoustic vibrations of the lattice
was studied in more detail in [1], while the role of impu-
rity scattering by charged centers was investigated in [2].
We showed that there can be some conditions when the
polarization effects can be observed in the phenomena of
light absorption and emission, despite the cubic symme-
try of the multivalley semiconductors of n-Ge and n-Si
types. These polarization effects were studied theoreti-
cally in [1, 2] and experimentally in [1, 3]. Nevertheless,
some features of polarization dependences remained un-
clear. In particular, experiment demonstrates (see be-
low) that the coefficient which characterizes the polar-
ization dependence of emission can change its sign as the
temperature of hot electrons increases. Another feature
of emission which is to be explained is that, in rather
strong electric fields, polarization effects take place even
when the carrier-heating field is directed symmetrically
with respect to the valleys. Therefore, these issues re-
quire further investigation.
The light absorption and emission by free carriers
was studied theoretically by various methods. As to the
anisotropic scattering, we presume that our method [1,
2] is most convenient and effective. It is based on the
collision integral and takes into account the influence of
electromagnetic waves on the electron scattering.
The method has the following advantage. The
quantum-mechanical case (when the electron energy is
lower than the light quantum energy) and the classical
case can be considered on unique grounds. Moreover,
the emission of free carriers induced by the wave field
can easily be found in addition to the absorption. Hence,
one can easily determine the spontaneous emission of hot
electrons. Finally, our approach allows a general expres-
sion for the emission (absorption) to be derived in the
form of integrals over the momenta of all electrons and
phonons (impurities), so that the order of integration
over the angles can be arbitrarily changed and calcula-
tions can be simplified greatly in the case of anisotropic
scattering.
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2. Formulation of the Problem. Acoustic
Scattering
In this section, we start from the integral of collisions
between electrons and acoustic vibrations of the lattice,
which already takes into account the influence of the
electromagnetic wave on the collision event. It is known
that, in semiconductors of the n-Ge and n-Si types, the
dispersion law for electron energy ε~p looks like
ε~p =
3∑
j=1
p2j
2mj
=
p2x + p
2
y
2m⊥
+
p2z
2m‖
, (1)
where pj are the components of the momentum, and m⊥
and m‖ are the transverse and the longitudinal effective
masses of an electron, respectively. To obtain the re-
quired collision integral, it is necessary – while deriving
the kinetic equation – to use the wave functions Ψ~p of
an electron in the field of an electromagnetic wave rather
than the basic wave functions of a free electron:
Ψ~p =
1√
V
exp
(
i
~
~p~r
)
×
× exp

− i~
t∫
0
dt′
3∑
j=1
1
2mj
(
pj − e0
c
Aj(t
′)
)2
. (2)
Here, V is the volume, e0 the charge, c the speed of light,
~A the vector-potential of the electromagnetic wave which
is adopted in the form
~A = ~A(0) cosω t, (3)
ω the electromagnetic wave frequency, and t the time.
Details on the procedure of derivation of the collision
integral for the case of the impurity scattering, provided
the dispersion law (1) and taking the influence of light
on the collision event into account, can be found, e.g., in
work [2]. For the first time, such a collision integral for
the standard dispersion law was obtained in work [4].
Hence, the electron-phonon collision integral, which
makes allowance for the influence of an electromagnetic
wave on a scattering event, looks like
If =
3∑
s=1
∑
~q
∞∑
l=−∞
W s(~q)J2l
(
e0γ
m⊥ωc
)
×
×
{[
f(~p+ ~~q )(N
(s)
~q + 1)− f(~p )N (s)q
]
×
×δ
[
ε~p+~~q − ε~p − ~ω(s)~q − l~ω
]
+
+
[
f(~p)− ~~q )N (s)~q − f(~p )(N (s)~q + 1)
]
×
×δ
[
ε~p−~~q − ε~p + ~ω(s)~q − l~ω
]}
. (4)
Here, f(~p) is the distribution function of electrons
over the momentum ~p, N
(s)
~q the distribution function
of phonons belonging to the s-th branch over the mo-
mentum ~~q, and Jl
(
e0γ
m⊥ω c
)
the Bessel function of the
l-order, which takes the influence of the wave on the col-
lision event into account. In the argument of the Bessel
function, the quantity
γ = ~A(0)~q +
(
m ||
m⊥
− 1
)(
~A(0)~l0
)(
~q~l0
)
, (5)
where ~l0 is the unit vector which fixes the orientation of
the rotation axis of the effective-mass ellipsoid.
In Eq. (4), W (s) is the probability for an electron to
be scattered by an acoustic phonon of the s-th branch.
The explicit form of this quantity will be discussed be-
low.
Leaving very low temperatures beyond the scope
of the present consideration, we may assume that the
acoustic quantum energy ~ω
(s)
~q ≪ T , where the temper-
ature of the lattice T is expressed in power units. Then,
N
(s)
~q ≈ T/(~ω(s)~q )≫ 1.
In Eq. (4), in all the terms but the summand, where
the number of light quanta is equal to zero (l = 0),
the energy of acoustic quanta can be put equal to zero.
Then, making the substitution ~q → −~q in the second
term of Eq. (4) and taking into account that W (s)(~q ) =
W (s)(−~q ), we obtain from this equation that
If = I(0)f +
∑
~q
3∑
s=1
2T
~ω
(s)
~q
W (s)(~q )×
×
∞∑
l=−∞
′J2l (
e0γ
m⊥ωc
) [f(~p+ ~~q )− f(~p )]×
×δ [ε~p+~~q − ε~p − l~ω] . (6)
In this expression, I(0) denotes the value of the integral
I in Eq. 4) at l = 0. This term makes allowance for the
inelasticity of acoustic scattering. The prime in the sum
over l means that the term with l = 0 is omitted.
Changing in Eq. (6) from the sum over the index ~q
to the integral over the variable ~p ′ = ~p+ ~~q brings us to
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the result
If = I(0)f +
∫
d~p ′
∞∑
l=−∞
′Wa(~q )J2l (
e0γ
m⊥ω c
)×
×[f(~p ′)− f(~p)]δ[ε~p′ − ε~p − l~ω]. (7)
Here, we introduced the notation
Wa(~q ) =
V
(2π~)3
3∑
s=1
2T
~ω
(s)
~q
W (s)(~q ). (8)
The explicit expression for the probability of the electron
scattering by all three branches of acoustic vibrations
can be obtained in the deformation potential approxi-
mation [5, page 162]. The calculation gives
Wa(~q ) =
T
4π2~4ρ
{
1
s2| |

∑
d
+
∑
u
(
~l0~q
q
)2
2
+
+
∑2
u
s2⊥

1−
(
~l0~q
q
)2
(
~l0~q
~q
)2
 . (9)
In this expression, ρ is the density; s‖ and s⊥ are
the speeds of longitudinal and transverse sound, respec-
tively; Σd and Σu are the constants of deformation po-
tential; and ~l0 is the unit vector that fixes the valley
orientation (the rotation axis of the mass ellipsoid).
Now, let us write down the expression for the energy
exchanged by electrons and acoustic phonons in a unit
time in the presence of an electromagnetic wave:
P =
∫
d~p ε~p Iˆ f(~p ) = P0 + ~ω
∞∑
l=−∞
l
∫
d~p f(~p )×
×
∫
d~p ′Wa(~q )J2l
(
e0γ
m⊥ω c
)
δ [ε~p ′ − ε~p − l~ω] . (10)
Here, the term P0 is associated with the first term in
Eq. (6) and characterizes the energy that the electron
gas (if it is hot) transfers to acoustic vibrations of the
lattice for a unit time.
In what follows, we confine ourselves to the consider-
ation of single-quantum processes only, i.e., we consider
only those terms in sum (10) which correspond to the
values l = ±1 only. Moreover, if extremely strong fields
are not examined, the argument of the Bessel function
is considerably smaller than unity, and, consequently,
we may confined the consideration to the first term of
the expansion. Taking all those approximations into ac-
count, we rewrite Eq. (10) as follows:
P ≈ P0 ± ~ω
∫
d~p f(~p )×
×
∫
d~p ′Wa(~q )
(
e0γ
2m⊥ω c
)2
δ [ε~p ′ − ε~p ∓ ~ω] . (11)
The argument of the δ-function in Eq. (11) demonstrates
that the energy of the electron after scattering is equal
to ε~p′ = ε~p ± ~ω, i.e. expression (11) describes both
the single-quantum radiation absorption and the single-
quantum emission.
To move further, we should specify the momentum-
distribution function of electrons f(~p). Hence, we con-
sider multivalley semiconductors of the n-Ge and n-Si
types, in which electrons occupy lower (equivalent) val-
leys. The distribution function for the electrons in the
i-th valley is supposed to be Maxwellian-like, but with
its own electron concentration ni and own electron tem-
perature Ti:
f (i)(~p ) =
ni
(2πTi)3/2m⊥
√
m‖
e−ε~p/Ti . (12)
The concentration ni and the temperature Ti depend
on a number of external factors (pressure, electric field,
irradiation) and should be determined from the corre-
sponding balance equations for the concentration and
the energy. In our theory, they are considered as the
known parameters. If the function f(~p) in Eq. (11) de-
notes function (12) and the quantity γ is determined
from Eq. (5), then expression (11) describes the con-
tribution of charge carriers from the i-th valley to the
processes of light absorption and emission. Below, the
quantities associated with the i-th valley are designated
by the subscript i. Substituting Eq. (12) into Eq. (11)
and changing to the deformed coordinate system, where
the energy does not depend on angles (see details in
works [1,2]), the integrals can be easily calculated, and,
as a result, we obtain
∆Pi(+) =
2e20
3
√
π

 A
(0)2
⊥
m⊥τ
(0)
⊥
+
A
(0)2
‖
m‖τ
(0)
‖

 niT
3/2
i
T 1/2c2~ω
×
×
{
a3i e
ai
d
dai
(
K1(ai)
ai
)}
ai=~ω/Ti
, (13)
∆Pi(−) = − exp
(
−~ω
Ti
)
∆Pi(+).
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In expression (13), we took into account only the second
term in Eq. (11), which describes single-quantum tran-
sitions (the term including P0 is not of interest for us).
The quantities ∆Pi(+) and ∆Pi(−) describe the con-
tributions of the i-th valley to absorption and emission,
respectively.
In Eq. (13), K1(ai) is the so-called Bessel function of
an imaginary argument, which has the asymptote
K1(ai) =
{ 1
ai
, at ai → 0,√
π
2ai
e−ai , at ai →∞. (14)
In addition, two new physical quantities, τ
(0)
‖ and τ
(0)
⊥ ,
were introduced in Eq. (13); these are the so-called “lon-
gitudinal” and “transverse”, respectively, components of
the relaxation time. Their expressions in terms of the
parameters m‖, m⊥, Σd, and Σu are rather cumbersome
(see, e.g., [5, page 166]). Nevertheless, their relationships
with the corresponding components of the acoustic mo-
bility tensor for cold (not heated) electrons are simple,
namely,
µ
(a)
‖ =
4
3
√
π
eτ
(0)
‖
m‖
, µ
(a)
⊥ =
4
3
√
π
eτ
(0)
⊥
m⊥
. (15)
In formulas (13), the quantity A
(0)
‖ means the compo-
nent of the ~A(0) vector directed along the rotation axis
of the i-th mass ellipsoid, and A
(0)
⊥ the component per-
pendicular to this axis, i.e.
(A
(0)
‖ )
2 = ( ~A(0)~l0)
2 , (A
(0)
⊥ )
2 = (A(0))2 − ( ~A(0)~l0)2. (16)
In Introduction, we mention that, depending on the
situation, the process of absorption or emission of light
by free charge carriers can dominate. Therefore, before
speaking about the polarization dependences of emis-
sion by free carriers in multivalley semiconductors, let
us write down the absorption coefficient. It equals
K =
∑
(i)
{Pi(+) + Pi(−)}∏ =
∑
(i)
{
1− e−~ω/Ti}Pi(+)∏ .
(17)
Here, Π is the electromagnetic flux that – in the case of
absorption – falls onto the semiconductor:
∏
=
χ
1/2
0
8π
ω2
c
(A(0))2, (18)
χ0 being the static dielectric constant.
From Eqs. (13) and (16)–(18), we obtain
K =
16
√
π
3
e20
c~
∑
i
niT
3/2
i
ωT 1/2
×
×

 1m⊥τ (0)⊥ +

 1
m‖τ
(0)
‖
− 1
m⊥τ
(0)
⊥

 (~g0~l0)2

×
×
(
1− e−~ω/T i
){
aie
ai d
dai
(
K1(ai
ai
)}
ai=~ω/2Ti
, (19)
where ~g0 is a unit vector which sets the polarization, i.e.
~A(0) = ~g0A
(0).
3. Polarization Dependences of Spontaneous
Emission by Hot Electrons. Acoustic
Scattering
In this section, we discuss the spontaneous emission by
electrons. We consider the electron gas to be heated by
means of an electric field applied to the semiconductor.
Therefore, both the electron concentration ni in the i-
th valley and the corresponding electron temperature Ti
in it differ from the relevant equilibrium values of those
parameters. According to formulas (13), the quantity
Pi(−) is responsible for the emission of hot electrons
from that valley induced by the wave field. To derive
the expression describing the spontaneous emission, we
will act in the following way.
First, we normalize the vector-potential of the wave,
so that the volume V should contain Npb photons, i.e.
we assume that
1
V
Npb ~ω =
E¯2
4π
≡ 1
8π
(ω
c
)2 (
A(0)
)2
. (20)
Whence, we obtain
A(0) = 2c
(
2π~
V ω
Npb
)1/2
. (21)
We now substitute expression (21) into Eq. (13), put
Npb = 1 there, and multiply the expression obtained for
Pi(−) by the final state density of the electromagnetic
field in the unit interval of frequencies and the solid angle
do to obtain
dρ(ω) =
V
(2πc)
3 ω
2 do. (22)
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As a result, the expression for the energy, which is ra-
diated by electrons from all valleys in a unit time, in a
unit volume, and into the solid angle do, looks like
W (−) = − 2e
2
0
3π5/2c3T 1/2
∑
(i)
niT
3/2
i
{
1
m⊥τ
(0)
⊥
+
+
(
1
m‖τ
(0)
‖
− 1
m⊥τ
(0)
⊥
) (
~l0~g0
)2}
×
×
(
a3i e
−ai d
dai
(
K1(ai)
ai
))
ai=~ω/2Ti
do. (23)
Formula (23) describes both the cases of classic (if ai ≪
1) and quantum-mechanical (if ai ≫ 1) emission. In par-
ticular, making use of asymptotics (14), Eq. (23) in the
classical case yields
W (−) =
4e20
3 π5/2 c3 T 1/2
×
×
∑
(i)
n i T
3/2
i

 sin
2 ϕi
m⊥ τ
(0)
⊥
+
cos2 ϕi
m‖ τ
(0)
‖

 d o. (24)
Here, cos2 ϕi = (~l0~g0)
2, so that sin2 ϕi = 1− (~l0~g0)2.
Similarly, in the quantum-mechanical case, we have
W (−) =
e20(~ω)
3
6 π2 c3 T 1/2
×
×
∑
(i)
n ie
−~ω/Ti

 sin
2 ϕi
m⊥ τ
(0)
⊥
+
cos2 ϕi
m‖ τ
(0)
‖

 d o. (25)
The polarization dependence of the emission is char-
acterized by the angles ϕi between the valley orientation
(the rotation axis of the mass ellipsoid) and the polar-
ization of the emitted wave. To decipher these angular
dependences, it is necessary to find the distributions of
the parameters ni and Ti over the valleys. Therefore,
let us consider a specific case where the electron-heating
electric field is directed along the (1,1,1)-axis.
As was mentioned earlier, isoenergetic surfaces
around every minimum look like ellipsoids of revolution
(1). The rotation axes of these ellipsoids in n-Ge are
given by the unit vectors
~l1 =
1√
3
(1, 1, 1), ~l2 =
1√
3
(−1, 1, 1),
~l3 =
1√
3
(1,−1, 1), ~l4 = 1√
3
(−1,−1, 1). (26)
Up to now, we used the notation ~l0 to designate the
unit vector which determined the rotation axis of an
arbitrary i-th ellipsoid. Below, we use the notation ~lk
(k = 1, 2, 3, 4) to fix the direction of specific valleys in
n-Ge.
The energy supplied by a constant electric field ~F in
a unit time to the electrons of the k-th valley is equal to
WD = nk
{
µ⊥F 2 + (µ‖ − µ⊥)(~lk ~F )2
}
. (27)
Here, µ‖ is the longitudinal and µ⊥ the transverse com-
ponent of the mobility tensor. From Eq. (27), it is clear
that, provided the field ~F is oriented along the (1,1,1)-
direction, the energies released per one electron in valleys
2, 3, and 4 are identical to each other, being higher than
that released in valley 1. So, the valley represented by
the unit vector ~l1 is “cold”, while the valleys character-
ized by the unit vectors ~l2, ~l3, and ~l4 are “hot”. In this
situation, we have two sets of parameters: (n1, T1) and
(n2 = n3 = n4, T2 = T3 = T4).
But before analyzing the situation where the param-
eters for different valleys can be different, let us consider
the case with identical concentrations and temperatures
in all valleys. This situation takes place, if the field is
directed along the direction (1,0,0). In this case, if one
takes advantage of formula (24) and, while carrying out
summation over i, takes unit vectors (26) instead of the
unit vector ~l0, the following formula is obtained:
W (−) ≡W {ne , Te} = 16 e
2
0 ne T
3/2
e
9 π5/2 c3 T 1/2
×
×
{
2
m⊥ τ
(0)
⊥
+
1
mII τ
(0)
II
}
d o . (28)
Here, the fact that (nk, Tk) = (ne, Te) at k = 1, 2, 3,
and 4 was taken into account.
From Eq. (28), one can see that, if the concentration
of electrons and their temperatures in all the valleys are
identical, the dependence of the emission on the polar-
ization disappears. This conclusion is in agreement with
the symmetry of the problem and remains valid as far
as the influence of the electric field on the symmetry of
the distribution function of electrons over the energy can
be neglected. (In this connection, see the consideration
presented below.)
Now, let us come back to the case where the electric
field is directed along the unit vector ~l1 =
1√
3
(1, 1, 1).
Then, the values of the parameters nk and Tk are iden-
tical for valleys 2, 3, and 4, but differ from the relevant
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magnitudes for n1 and T1. If formula (24) is written
down in the form
W (−) =
4∑
k=1
W (−)(nk, Tk, ϕk), (29)
then, in the case concerned, we can expand it as follows:
W (−) =
4∑
k=1
W (−)(n2, T2, ϕk)+
+W (−)(n1, T1, ϕ1)−W (−)(n2, T2, ϕ1). (30)
That is, to the contributions made by three valleys
(k = 2, 3, and 4) with identical parameters {nk, Tk} =
{n2, T2}, we added and subtracted the contribution of
the first valley with the same parameters. Then, the
sum in Eq. (30) coincides with expression (28), where
the substitution {nk, Tk} ↔ {ne, Te} is made, and does
not depend on the polarization.
The dependence of the emission on the polarization
is governed by two last terms in Eq. (30):
W (−)(n1, T1, ϕ1)−W (−)(n2, T2, ϕ1) =
=
4e20
3π5/2c3T 1/2
(
n1T
3/2
1 − n2T 3/22
)
×
×

 sin
2 ϕ1
m⊥τ
(0)
⊥
+
cos2 ϕ1
m‖τ
(0)
‖

do. (31)
Expressing sin2 ϕ1 and cos
2 ϕ1 in terms of cos 2ϕ1 and
substituting expression (31) into Eq. (30), we obtain
W (−) =W {n2, T2}+ 4 e
2
0
3 π5/2 c3 T 1/2
×
×(n1T 3/21 − n2T 3/22 )

 1m⊥ τ (0)⊥ +
1
m‖ τ
(0)
‖

 do+
+
4 e20
3 π5/2 c3 T 1/2
(n1 T
3/2
1 − n2 T 3/22 )×
×

 1m‖ τ (0)‖ −
1
m⊥ τ
(0)
⊥

 cos 2 ϕ1 do. (32)
We are interested in the sign of the coefficient of
cos 2ϕ1. The matter is that, in the experiment with high-
resistance specimens, the growth of the electric field can
be accompanied by the change of the sign of this coef-
ficient. The growth of the field increases the electron
temperature, and the growth of the latter can result in
the change of the scattering mechanism. Therefore, we
want to elucidate whether and, if yes, how the sign of
this coefficient depends on the scattering mechanism. In
this section, we deal with acoustic scattering. For the
corresponding scenario,
1
m‖τ
(0)
‖
− 1
m⊥τ
(0)
⊥
≈ − 1
m⊥τ
(0)
⊥
< 0. (33)
Therefore, the sign of the coefficient of cos 2ϕ1 is deter-
mined by the sign of the expression n1T
3/2
1 − n2T 3/22 .
Since valley 1 is “cold” and valleys 2, 3, and 4 are “hot”,
we have T2 > T1. The question concerning the relation-
ship between the parameters n1 and n2 remains unan-
swered.
The parameters nk and Tk must be determined from
the concentration and energy balance equations, respec-
tively. But, it should be bear in mind that the very form
of these equations is based on the assumption about the
Maxwellian distribution function of hot electrons in ev-
ery valley. This assumption, in its turn, admits that the
electron-electron scattering dominates over the electron-
phonon one. The intensity of e − e scattering is known
to be proportional to the squared electron concentration,
while the corresponding cross-section is reciprocal to the
fourth degree of relative electron-electron speed. There-
fore, the situation can be realized in high-resistance spec-
imens (i.e. with a low concentration of electrons), when
the e−e interaction “Maxwellizes” the distribution func-
tion in the range of medium energies (ε~p ∼ Te), but plays
an auxiliary role in the formation of the shape of the
high-energy “tail” of the distribution function [5]. At the
same time, since the intervalley repopulation of electrons
(from hotter valleys to colder ones) is governed just by
the “tail” of the distribution function, this repopulation
in high-resistance specimens can be neglected, so that
the electron concentrations in all valleys can be consid-
ered approximately equal to one another. In this case,
taking inequalities (33) and T2 > T1 into account, we
see that the sign of the coefficient of cos 2ϕ1 is positive.
We will analyze this issue in more details after having
considered, in the next section, the Coulomb mechanism
of scattering.
4. Spontaneous Emission by Hot Electrons at
Impurity (Coulomb) Scattering
In this section, we consider optical transitions in a sys-
tem of free electrons, provided that they are scattered by
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charged impurities (ions). The electron–ion interaction
potential looks like
U(~r) =
e20
χ0r
exp(−r/rD), (34)
where rD is the Debye radius. The expression for the
integral of electron–ion collision in the presence of an
electromagnetic wave and provided the dispersion law
(1) was derived by us in work [2]. For electrons from the
i-th valley, the collision integral can be written down in
the form
Iˆf (i) =
4e40
χ20
ND
∞∑
l=−∞
∫
d~p
f (i)(~p ′)− f (i)(~p ){
(~p− ~p′)2 + (~/rD)2 }2
×
×J2l
(
e0
c~ω
3∑
α=1
A(0)α
pα − p′α
mα
)
δ(ε~p − ε~p′ − l~ω), (35)
where ND is the concentration of ionized impurities. Us-
ing the collision integral (35) and applying the same ap-
proximation as that in the derivation of Eq. (11), we
obtain
P = ±~ω 4e
4
0ND
χ20
∫
d~p f (i)(~p )×
×
∫
d~p ′
(
e0γ
2m⊥ω c
)2
δ{ε~p − ε~p ′ ± ~ω}{
(~p− ~p ′)2 + (~/rD)2
}2 . (36)
Impurity scattering is elastic. Therefore, P0 = 0 (see
Eq. (10)), and ∆Pi coincides with Pi. The parameter γ
in Eq. (36) stands for the quantity given by formula (5)
which concerns the i-th valley.
After substituting formula (12) into Eq. (36) and
passing to the deformed coordinate system, where the
electron energy is independent of angles, all the inte-
grals over the remaining angles can be calculated (see
work [2]), and the following result is obtained:
Pi(+) =
e60NDni
4χ20 c
2~ω
(
2πm‖
Ti
)1/2
A(0)
2
(m‖ −m⊥)2
×
×
∞∫
0
dx e−x{Ψ(q+max) + Ψ(q+min)}√
x(x+ ~ω/Ti)
, (37)
Here, the notations
Ψ(q) = B1(q) + (~i0 ~g0)
2
[
−B1(q) + 2m⊥
m| |
B2(q)
]
,
q+max =
(2m⊥Ti)1/2
~
[
x1/2 + (x+ ~ω/Ti)
1/2
]
,
q+min =
(2m⊥Ti)1/2
~
[
−x1/2 + (x+ ~ω/Ti)1/2
]
, (38)
B1 =
1
b2
+
1− b2
b3
arctg
1
b
,
B2 = − 1
1 + b2
+
1
b
arctg
1
b
,
b2 =
m⊥
m‖ −m⊥
(
1 +
1
(q rD)2
)
were introduced. The quantities Pi(−) and Pi(+) are in-
terconnected by an equation which is similar to Eq. (13).
In the general case, expression (37) is still cumber-
some. The matter is that, in the classical case (~ω ≪ Ti),
one has to take the charge screening into account (oth-
erwise, integral (37) diverges), whereas such a procedure
is not necessary in the quantum-mechanical case. Both
cases include integral (37); and, in both limit cases, in-
tegral (37) is calculable to the end.
In particular, let us consider the classical case for the
impurity scattering. By using formulas (37) and (17), we
obtain the coefficient of absorption by free carriers in the
following form:
K =
3π3/2
2
e20
χ
1/2
0
1
cω2
4∑
i−1
ni
{
sin2 ϕi
m⊥ τ⊥(Ti)
+
cos2 ϕi
m‖ τ‖(Ti)
}
.
(39)
Here, τ⊥(Ti) and τ‖(Ti) are the “transverse” and “longi-
tudinal”, respectively, components of the relaxation time
at the impurity scattering:
1
τ⊥(Ti)
=
8
3
e40(2m‖)
1/2
χ20m⊥T
3/2
i
×
ND
b0
2
[
b0 + (1 − b20) arctg
1
b0
]
ln (C1xmin)
−1
,
1
τ‖(Ti)
=
8
3
e40(2m‖)
1/2
χ20m‖T
3/2
i
×
×NDb0
[
−b0 + (1 + b20) arctg
1
b0
]
ln (C1xmin)
−1
. (40)
Here, b20 = m⊥/(m‖ −m⊥), lnC1 = 0.577 . . . is the Eu-
ler constant, and
xmin =
1
8
~
2
m⊥TirD
.
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Unfortunately, in work [2], the expressions for τ⊥(Ti)
and τ‖(Ti) were confused.
In the same classical case within the same calculation
scheme as in the derivation of formula (24), we obtain
that the energy of spontaneous emission by hot electrons
on the impurity (Coulomb) scattering is as follows:
W (−)=
3 e20
16 π3/2c3
4∑
i=1
niTi
{
sin2 ϕi
m⊥ τ⊥(Ti)
+
cos2 ϕi
m‖ τ‖(T )i
}
do.
(41)
If the electron-heating electric field is directed along
the unit vector ~l1 =
1√
3
(1, 1, 1), the dependence of the
emission on the polarization, similarly to Eq. (31) in the
case of the impurity scattering, reads
W (−)(n1, T1, ϕ1)−W (−)(n2, T2, ϕ1) =
=
3 e20
16 π3/2c3
{[
n1T1
m⊥ τ⊥(T1)
− n2T2
m⊥ τ⊥(T2)
]
×
× sin2 ϕ1 +
[
n1 T1
m‖τ‖(T1)
− n2 T2
m‖τ‖(T2)
]
cos2 ϕ1
}
do. (42)
Let the repopulation of valleys be inessential (n1 ≈
n2) owing to the reasons discussed above. Then, hav-
ing expressed sin2 ϕ1 and cos
2 ϕ1 in terms of cos 2ϕ1
and taking into account that – according to Eq. (40)
– m⊥τ⊥ ≪ m‖τ‖, we see that the coefficient of cos 2ϕ1 is
negative. This means that the change of the scattering
mechanism along with the temperature variation (e.g.,
a transition from the impurity scattering to the acoustic
one) can induce the change of the sign of the coefficient
of cos 2ϕ1. Different signs of this coefficient at the impu-
rity and acoustic scatterings are associated with the fact
that the impurity scattering intensity falls down, while
that of the acoustic scattering grows up with increase in
the electron temperature.
5. Polarization Dependences Connected With
the Distortion of the Electron Distribution
Function
As the experiment shows, if the fields applied to n-Ge
are strong, then, even provided that the electron-heating
electric field is oriented in the symmetric – with respect
to the valleys – direction~l0 =
1√
3
(1, 0.0), the polarization
dependence of the emission by hot electrons is observed
(see a more detailed discussion below). In this case, the
origin of symmetry violation can be only the electric field
itself. Since neither the scattering anisotropy nor the
anisotropy of the dispersion law play any important role
in this situation, we consider the influence of the elec-
tric field on the polarization dependence of the emission
by hot electrons in the framework of a simpler model.
Namely, we consider a mono-valley model with the dis-
persion law
εp = p
2/2m (43)
and the isotropic acoustic scattering, where – instead of
Eq. (9) – the equation
Wa =
T
4π2~4ρ s2| |
Σd = const (44)
is now valid. In this model, if a strong electric field
is applied, the expression for the electron distribution
function f(~p) should be searched in the form
f(~p ) = f0(εp) + f1(εp)P1(cos θ) + f2(εp)P2(cos θ) + . . . ,
(45)
where Pn(cos θ) are Legendre polynomials, and θ is the
angle between the field ~F and the momentum ~p direction.
It is worth noting that, in the general case – i.e. if the
dispersion law (1) and the scattering mechanism (9) were
relevant, – we would have, instead of expression (45), the
expansion
f(~p ) =
∑
lm
flm(εp)Υlm(θ, ϕ), (46)
where Υlm(θ, ϕ) are spherical functions. However, such
a generalization makes the calculations excessively cum-
bersome but does not change, in fact, the result of our
estimation of the influence of the distribution function
distortion by the field on the polarization dependences
of the emission by hot electrons. In the single-quantum
approximation, the energy absorbed and emitted by elec-
trons in a unit time interval is given by expression (11),
which is valid for an arbitrary distribution function.
Earlier, we adopted the Maxwell function (12) as the
distribution function with the dispersion law (1). In
so doing, we did not consider the influence of the field
~F on the distribution function symmetry (although the
field did affect the electron temperature). In our present
model, the violation of the distribution function symme-
try in expansion (45) is characterized by the expressions
f1(εp)P1(cos θ), f2(εp)P2(cos θ), and so on. The term
proportional to f1(εp), owing to its oddness, gives no
contribution to expression (11). We should note that
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expansion (45) is actually an expansion in the dimen-
sionless parameter e0F τ/p, i.e. in the ratio between
the field-induced momentum gain of the electron within
the mean free time and the electron momentum itself [5].
Therefore, for f2(εp), according to the results of work [5],
we obtain
f2(ερ) ≈ 2
3
(e0F )
2
τ(ρ)p
d
dρ
(
τ(ρ)
p
df0
dρ
)
, (47)
where the notation
1
τ(ρ)
=
1
π
mT
ρ s2‖~
4
p ≡ 1
τ (0)
( ε
T
)1/2
.
was introduced.
Substituting expansion (45) into Eq. (11) and inte-
grating over the angles, we obtain
∆P (−) = 8π
2
3
e20(A
(0))2Wa
m~ω c2
×
×
∞∫
√
2m~ω
dρ p2
√
p2 − 2m~ω
{
(p2 − 2m~ω)f0(ερ)+
+
1
5
P2(cos θ0) (eFτ
(0))2
mT 2e
T
[
−a3ea d
da
(
K1(a)
a
)
+
+
1
2
(1 + 4a)aeaK1(a)
]}
a=~ω/2Te
. (48)
Here, the quantities ∆P (−) and ∆P (+) are connected
by relationship (13), and θ0 is the angle between the
polarization unit vector ~g0 and the field ~F .
Now, in Eq. (48), we substitute f0(ερ) by the
Maxwell function with the effective electron temperature
Te and f2(ερ) by expression (47). After the integration,
we have
∆P (−) = 2
3
√
π
e20(A
(0))2n
mτ (0)~ω c2
T
3/2
e
T 1/2
×
×e−~ω/Te
{
−a3ea d
da
(
K1(a)
a
)
+
2
15
P(cos θ0)×
× (eFτ
(0))2
mT 2e
T
[
− a3ea d
da
(
K1(a)
a
)
+
+
1
2
(1 + 4a)aeaK1(a)
]}
a=~ω/2Te
. (49)
It is of interest to compare the first term in Eq. (49) with
expression (13). Putting m⊥τ
(0)
⊥ = m‖τ
(0)
‖ , Ti = Te, and
ni = n, we get a complete coincidence. Formula (13)
determines the contribution of a single i-th valley to the
absorption and emission processes. Much more interest-
ing for a comparison with expression (13) is not to reduce
the model to the isotropic case but to take the identical
contributions from all valleys into consideration, which
occurs if the field ~F is oriented along the (1,0,0) direc-
tion. In this case, the axes Ti are equal to each other
(and to Te), and all ni are equal to each other (and to
n/4, where n is the total concentration over all valleys).
Doing such a comparison, we see that the first term in
Eq. (49) coincides with the expression for an anisotropic
multivalley case, provided the formal substitution
1
mτ (0)
→ 1
3

 2
m⊥τ
(0)
⊥
+
1
m‖τ
(0)
‖

 . (50)
The matter is about the orientation of the heating field
in the symmetric direction.
Knowing expressions for the quantities P (±) in the
model, where the function f(~p) is given by expansion
(45), it is easy to find the energy of spontaneous emission
by hot electrons. Similarly to the procedure of deriving
Eq. (23) from Eq. (13), Eq. (49) yields
W (−) =
2e0 nT
3/2
e
3π5/2c2T 1/2
1
mτ (0)
×
×
{
−a3e−a d
da
(
K1(a)
a
)
+
2
15
P2(cos θ0)×
× (e0Fτ
(0))2
mT 2e
T
[
− a3e−a d
da
(
K1(a)
a
)+
1 + 4a
2
ae−aK1(a)
]}
a=~ω/2Te
do. (51)
In the multivalley case, provided that the field ~F is
oriented in the direction (1,0,0), expression (23) is trans-
formed – by formally applying substitution (50) – into
the first summand in Eq. (51). This summand does not
contain the polarization dependence. Such a dependence
appears, as is evident, if the dependence f2(ερ) is made
allowance for in Eq. (45), i.e. if going beyond the frame
of the diffusion approximation. In other words, the po-
larization dependence of the emission by hot electrons,
provided that the field is oriented in the symmetric di-
rection, is associated with the symmetry violation of the
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electron distribution function over the energy (the even
part of the distribution function!).
In the classical case (if a ≪ 1), expression (51) be-
comes simpler:
W (−) =
4e20 nT
3/2
e
3π5/2c2T 1/2
1
mτ (0)
×
×
{
1 +
(e0Fτ
(0))2
6mT 2e
TP2(cos θ0)
}
do. (52)
By the order of magnitude, the second term in the braces
is equal to the squared ratio between the drift and ther-
mal speeds.
6. Discussion of Results. Comparison with
Experimental Data
We have demonstrated in the previous sections that, in
the n-Ge case, the change of the sign is possible for the
coefficient that characterizes the angular dependence of
the polarization, if the electron-heading field is oriented
along the (1,1,1)-axis. This change is caused by the
change of the scattering mechanism, which, in its turn, is
caused by the increase of the electron temperature with
the growing field. Figure 1 illustrates such a sign change
observed experimentally. The measurement technique
was described in work [3]. The curves in this figure cor-
respond to specimens with a charge carrier concentration
of 2.5× 1015 cm−3.
Figure 1 depicts the dependences of the emission in-
tensity by hot electrons on the polarization rotation an-
gle at various values of the heating field (10, 20, 80, and
140 V). One can see that the growth of the field gives
rise to the modification of the curve character. In partic-
ular, the angles, which correspond to observable minima
at weak fields, become characterized by the maximal in-
tensity at higher ones.
It is worth noting that the mechanism of scattering
can change due to the variation of the lattice tempera-
ture as well. In this case, the change of the sign of the
coefficient mentioned above is also possible. This oppor-
tunity is illustrated in Fig. 2. In this figure, exhibited are
the angular dependences of the emission at various tem-
peratures. To illustrate the angular dependences, the
curves are somewhat shifted vertically with respect to
one another, although the intensities of the emission are
approximately identical at different temperatures. The
curves correspond to specimens with a carrier concentra-
tion of 2× 1014 cm−3. The character of modifications of
Fig. 1. Polarization angular dependences of the emission by hot
charge carriers in an n-Ge specimen (the crystallographic direction
〈111〉 and the carrier concentration n ≈ 2.5 × 1015 cm−3) for
various values of the heating electric field: (panel a) 10 (1 ), 20
(2 ), 40 (3 ), and 75 V/cm (4 ); (panel b) 80 (1 ) and 140 V/cm (2 )
the angular dependences is the same as in Fig. 1. An op-
portunity for the angular dependence of the emission to
change its profile with the modification of the scattering
mechanism was pointed out in work [3].
Rather unexpected was the appearance of polariza-
tion dependence for the heating field oriented along the
(1,0,0)-axis. Provided such a field orientation, all valleys
are characterized by identical values of the concentration
and the temperature of electrons. Figure 3 illustrates the
corresponding polarization dependence obtained experi-
mentally. Specimens with a charge carrier concentration
of 1.5 × 1014 cm−3 were used. The figure exhibits the
angular dependence of the emission at various heating
fields applied in the symmetric direction. The specimen
temperature was 5 K. The curves evidently reveal the
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Fig. 2. Polarization angular dependences of the emission by hot
charge carriers in an n-Ge specimen (the crystallographic direction
〈111〉, n ≈ 6×1014 cm−3, the applied electric field E = 140 V/cm)
for various temperatures: 6.6 (1 ), 7.7 (2 ), 14 (3 ), and 76 K (4 )
Fig. 3. Polarization angular dependences of the emission by hot
charge carriers in an n-Ge specimen (the symmetric crystallo-
graphic direction 〈100〉, n ≈ 1.5×1014 cm−3) for various values of
the heating electric field: 7 (1 ), 10 (2 ), 13 (3 ), and 15 V/cm (4 )
angular dependence of the emission, although all the pa-
rameters of valleys (the temperature and the concentra-
tion of electrons) are identical. Such an unusual behav-
ior can be associated with going beyond the traditional
approach which is reduced to the so-called diffusion ap-
proximation.
Note that a combined influence on the character of
the angular dependences can take place at low temper-
atures and relatively strong fields, namely, the change
of scattering mechanisms and the violation of the condi-
tions of the diffusion approximation.
Thus, we showed that in the case when the heating
field is oriented in the symmetric direction the polar-
ization dependence is caused by the distortion of the
energy distribution function of electrons (going beyond
the range of validity of the diffusion approximation).
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ÏÎËßÈÇÀÖIÉÍI ÅÔÅÊÒÈ Â ÂÈÏÎÌIÍÞÂÀÍÍI
I ÏÎËÈÍÀÍÍI ÑÂIÒËÀ Àß×ÈÌÈ ÅËÅÊÒÎÍÀÌÈ
Ó ÁÀÀÒÎÄÎËÈÍÍÈÕ ÍÀÏIÂÏÎÂIÄÍÈÊÀÕ
Ï.Ì. Òîì÷óê, Â.Ì. Áîíäàð
 å ç þ ì å
Òåîðåòè÷íî i åêñïåðèìåíòàëüíî íà ïðèêëàäi n-Ge äîñëiäæåíî
êóòîâi çàëåæíîñòi ñïîíòàííîãî âèïðîìiíþâàííÿ ãàðÿ÷èõ åëåê-
òðîíiâ â áàãàòîäîëèííèõ íàïiâïðîâiäíèêàõ. Ïîêàçàíî, ùî çìiíà
ìåõàíiçìó ðîçñiÿííÿ, çóìîâëåíà ðîñòîì åëåêòðîííî¨ òåìïåðà-
òóðè, ìîæå ïðèâîäèòè äî çìiíè õàðàêòåðó êóòîâî¨ çàëåæíî-
ñòi ðîçñiÿííÿ. Âïåðøå åêñïåðèìåíòàëüíî ñïîñòåðåæåíî êóòîâó
çàëåæíiñòü âèïðîìiíþâàííÿ ó âèïàäêó ïðèêëàäàííÿ ãðiþ÷î-
ãî åëåêòðîíè ïîëÿ âçäîâæ îñi ñèìåòði¨ êðèñòàëà (äëÿ n-Ge öå
âiñü (1,0,0,)). Ïîáóäîâàíà òåîðiÿ òàêî¨ çàëåæíîñòi. Ïîêàçàíî,
ùî êóòîâà çàëåæíiñòü âèïðîìiíþâàííÿ ó âèïàäêó, êîëè åëåê-
òðîíè âñiõ äîëèí ìàþòü îäíàêîâó êîíöåíòðàöiþ i òåìïåðàòóðó,
ïîâ'ÿçàíà ç ïîðóøåííÿì ñèìåòði¨ óíêöi¨ ðîçïîäiëó åëåêòðîíiâ
çà åíåðãiÿìè (â òåîði¨ öå îçíà÷à¹ âèõiä çà ðàìêè òðàäèöiéíîãî
äèóçiéíîãî íàáëèæåííÿ).
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